Abstract. We review all recent contributions to the literature on stochastic processes. In particular, the Relativistic OrnsteinUhlenbeck Process is presented in detail, as is the intrinsic Brownian motion studied by Franchi and Le Jan. The Relativistic Brownian Motion of Dunkel and Hänggi is also reviewed, together with a model introduced by Oron and Horwitz. We finally suggest some possible future developements of the current research.
INTRODUCTION
It is probably fair to say that Stochastic Process Theory originated with Einstein's 1905 study on Brownian motion [1] . The theory has since developed into a full grown branch of Mathematics and its current applications include Physics, Chemistry, Biology and Economy [2, 3] . As far as Physics is concerned, one had to wait until the 70's to see what started as an attempt to describe non quantum Galilean diffusions being extended to include Galilean quantum processes [2, 4] ; but the wait for a relativistic extension was even longer, since the first paper dealing with a relativistic stochastic process of clear physical interpretation was only published in 1997 [5] . Various relativistic stochastic processes have since then been considered by several authors; it is the ambition of this contribution to propose of short and self-contained review of this growing literature. The material is organized as follows. Section 2 is devoted to the Relativistic Ornstein-Uhlenbeck Process (ROUP) constructed by F. Debbasch, K. Mallick and J.P. Rivet in 1997. Section 2.1 presents the process in flat space-time. Section 2.2 deals with the so-called hydrodynamical limit of this process. Section 2.3 extends the process to a family of curved space-time diffusions and addresses a recent work on cosmological diffusions. A general relativistic H-Theorem is also mentioned. Section 3 is devoted to the other existing relativistic processes. Section 3.1 deals with a process recently considered by J. Franchi and Y. Le Jan [6] ; this process can certainly not be interpreted as a standard physical diffusion and its only possible physical interpretation [7] is discussed in Section 3.1. Section 3.2 deals with a process [8] introduced by J. Dunkel and P. Hänggi in 2005 and which is best considered as an alternative to the ROUP. The more recent numerical and analytical work done by these authors on binary collisions and non Markovian processes is also reviewed. Section 3.3 discusses the relativistic Brownian motion developed by O. Oron and L.P. Horwitz [9] . Finally, Section 4 lists a few interesting directions in which reasearch on relativistic stochastic processes could develop in the next few years.
THE RELATIVISTIC ORNSTEIN-UHLENBECK PROCESS
The ROUP in flat space-time
The ROUP can be interpreted as describing the relativistic diffusion of a point particle of mass m in a fluid characterized by a 4-velocity field U. This process has been originally introduced [5] in the special case where the space-time is flat and where U is point-independent. It is then particularly convenient to choose as reference frame the global rest-frame R of the fluid in which the particle diffuses. The stochastic equations defining the process read in this frame:
Here, r and p are the position and momentum of the diffusing particle and the expression of the Lorentz factor as a function of p reads γ(p) = 1 + p 2 /m 2 c 2 ; the positive coefficient α determines the amplitude of the frictional force experienced by the particle while D fixes the amplitude of the noise term (B t is the usual 3-D Brownian motion). The forward Kolmogorov equation obeyed by the time-dependent phase-space density Π(t, r, p) 1 of the diffusing particle is then [5] :
This equation admits as solution the equilibrium Jüttner distribution:
where K 2 is the second order modified Hankel function and Q 2 m 2 c 2 = D/α. The distribution Π J is normalized to unity with respect to the measure d 3 p. The temperature T of the equilibrium is defined by k B T /mc 2 = Q 2 . One thus has:
which is a bona fide special relativistic fluctuation-dissipation theorem. It has furthermore been confirmed by direct numerical simulation [5] that an arbitrary physically reasonable phase-space density does relax in time towards the Jüttner distribution (3). The equations governing the special relativistic Ornstein-Uhlenbeck process can naturally be written down in an arbitrary inertial frame. This will not be discussed here; the interested reader is referred to the original publications [10, 11] and to Section 2.3 of the present contribution, which contains an explicit presentation of the process in an arbitrary, not necessarily inertial frame. Let us also mention that the stochastic equations (1) can be rewritten using the proper-time s of the particle as time-variable; the corresponding Ito process is described in [12] .
Hydrodynamical limit in flat space-time
By definition, the hydrodynamical limit of an arbitrary transport phenomenon corresponds to situations where all quantities characterizing the system vary on 'large' scale only, both in time and in space. For the special relativistic Ornstein-Uhlenbeck process described in the previous section, the hydrodynamical limit [13] addresses situations in which the time and space variation scales of the distribution function Π in R are respectively much larger than the characteristic time τ = 1/α and the mean free path λ = τ k B T /m (see equation (4) above for the definition of T in terms of α, D and m). Technically, the hydrodynamical limit is studied by performing a Chapman-Enskog expansion around the local equilibrium distribution
where n(t, r) is the spatial density of the diffusing particle in R; the hydrodynamical equation verified by n then appears a necessary condition for the expansion to exist.
Performing a Chapman-Enskog expansion on the ROUP [13] leads at all orders to ∂ t n = λ 2 τ ∆n = χ∆n, which is of course the standard diffusion equation. This result is quite surprising. Indeed, the dynamics of the ROUP is relativistic and, hence causal in Einstein's sense i.e. it does not allow faster than light transport. On the other hand, the diffusion equation is parabolic (as opposed to hyperbolic) and does imply faster than light transport.
This apparent contradiction can be resolved by remembering that, by definition of the hydrodynamical limit, the diffusion equation describes the correct behaviour of the density n associated with the ROUP only in situations where the characteristic variation scales of this density are much larger than 1/α and λ . Applying these restrictions to the Gaussian Green function G(t, r) of the diffusion equation leads to 1/α t and | r/t | λ /τ; the second inequality implies [13] | r/t | c. Since G represents the time-evolution of a density profile initially concentrated on the point r = 0, the last inequality essentially states that the diffusion equation is only valid well inside the light cone originating at r = 0, i.e. for effective diffusion velocities much smaller than c. Thus, the diffusion equation describes correctly the time-evolution of the density n associated with the ROUP only at points of space-time where it does not contradict Einstein's causality [13] .
This situation parallels exactly some challenging properties of hydrodynamical limit of the relativistic Boltzman equation. Indeed, performing a Chapman-Enskog expansion on the solution of the relativistic Boltzman equation delivers the so-called first order hydrodynamical theories which, like the diffusion equation, permit faster than light transport [14] . This has long been recognized as troublesome [15] , but it seemed to elude any reasonable interpretation. Studying the hydrodynamical limit of the ROUP has furnished the answer: effective equations governing the dynamics of macroscopic fields in the hydrodynamical limit formally permit faster than light transport, but such equations are only physically valid in restricted domains of space-time where faster than light transport does not occur and where their solutions therefore do not contradict Einstein's causality. Thus, it seems the only way to describe a relativistic continuous medium through local equations which do not permit faster than light transport is to work within the framework of statistical physics (typically, stochastic processes or traditional kinetic theory).
Curved space time generalizations
The special relativistic Ornstein-Uhlenbeck process is susceptible of an infinity of curved space-time generalizations. Those considered so far [16, 17] are fully characterized by the velocity field U of the fluid in which the particle diffuses, by a friction coefficient α and a noise coefficient D; both α and D are allowed to depend on position and momentum.
All calculations can be made manifestly covariant by introducing an unphysical distribution function f defined over an 8-D phase-space S = {(x, q)}, where q represents a covariant, possibly off-shell particle momentum. Given an arbitrary coordinate system, the distribution f is related to the physical distribution function Π to be used in this system by an equation of the form:
where the δ distribution enforces a mass-shell restriction. Integrating Π against d 3 q/ √ −det g delivers the spatial particle density n(t, r), which can in turn be integrated against √ −det gd 3 r. Further details over the measures against which Π can be integrated can be found in [16] .
A curved space-time generalization of the process discussed in the previous section is then fully defined by a transport equation obeyed by f . The most natural equation [16, 17] reads:
where
represents a covariant derivative at momentum covariantly constant (here, the Γ's are the usual Christoffel symbols of the metric g) [15] . The deterministic force F d is defined by
and the friction tensor λ reads
where P is the projector onto the orthogonal to U: P µν = g µν − U µ U ν . Finally, the tensor K is defined in terms of P and U by:
This class of processes can be used to model the diffusion of a particle in a fluid comoving with the expansion of a spatially flat Friedmann-Robertson-Walker universe. The time-evolution of the thermodynamical state of the matter in the universe can be approximately characterized by a time-dependent temperature T (t). It is then natural to wonder if some processes defined by an equation of the form (6) admit the Jüttner distribution of temperature T (t) as possible momentum distribution. A positive answer to this question has been given in [18, 17] for all possible choices of a(t) and T (t) and the coefficients α and D of the corresponding processes obey a generalized fluctuation dissipation theorem.
Let us also mention that the processes defined by (6) verify a remarkable H-theorem [19] 2 ; this theorem, which states that the 4-divergences of certain conditional entropy 4-currents associated with (6) are always non-positive, is valid in any general relativistic space-time, including those containing closed time-like curves 3 .
OTHER RELATIVISTIC PROCESSES 'Intrinsic' Brownian Motion
This process was introduced [6] by J. Franchi and Y. Le Jan in 2004 and is based on ideas originally developed by R.M. Dudley [21] in 1965. To keep the discussion as simple as possible, let us focus on the flat space-time version of this process. A physically intuitive definition of the process is given by the following equation of motion:
where s stands for the proper-time along a stochastic time-like curve and dp * /ds designates what physicists would call the proper acceleration along that curve. Note that equation (10) looks like a standard stochastic differential equation but is not; indeed, by definition, the proper momentum p * along a time-like curve vanishes for all values of s. Thus, to be integrated as a usual stochastic differential equation, (10) has first to be converted into an equation fixing the differential of the momentum p associated with the same world-line, but in another, s-independent inertial frame. Though quite natural from a mathematical point of view, this process is not susceptible of any simple physical interpretation. Indeed, usual diffusions of a point particle are physically generated by the interaction of this particle with a surrounding continuous medium; the stochastic equation (10) does not however contain any information pertaining to such a medium 4 ; it is therefore far from obvious what kind a physics would induce a diffusion like (10). Dowker et al. [7] have suggested that (10) may be interpreted as an effective diffusion induced by quantum fluctuations of the space-time structure itself and this seems to be the only possible interpretation of (10) . Note also that, contrary to the ROUP, there is no inertial frame in which the process (10) admits an invariant measure in momentum space. There is a fortiori no fluctuation-dissipation theorem for (10) .
Let us finally mention that the curved space-time version of the process has been studied in detail by Franchi and Le Jan in the particular case where the background space-time is the Kruskal extension of the Schwarzschild metric [6] ; diffusions in the Gödel universe have been considered by Franchi in [22] and the asymptotic behaviour of the Franchi-Le Jan process in Minkovski space-time has been recently fully characterized by I. Bailleul and Y. Le Jan [23] .
The Relativistic Brownian Motion of Dunkel and Hänggi
Dunkel and Hänggi's process can be viewed as an attempt to modify Franchi and Le Jan's process to obtain a new model in which the special relativistic diffusion of a particle is driven by its interaction with a surrounding fluid. As such, Dunkel and Hänggi's process presents itself as a potential alternative to the special relativistic OrnsteinUhlenbeck process (see Section 2.1); the common points and differences between the two processes will be discussed at the end of the current Section.
As J. Franchi and Y. Le Jan, J. Dunkel and P. Hänggi start their construction in the proper rest frame of the diffusing particle, but they naturally extend it to all inertial frames. Dunkel and Hänggi's process can be defined by the following stochastic equation, valid in the (global) rest frame of the fluid in which the particule diffuses [8, 24] :
where ν is a positive friction coefficient. Here, the tensorial multiplicative noise L i j (p) has to be understood, not in the Ito nor in the Stratonovich sense, but in the so-called Hänggi-Klimontovich manner 5 if one wants the forward Kolmogorov equation associated with (11) to admit Jüttner distribution (3) as an invariant measure in p-space.
The process defined by (11) presents important similarities with the special relativistic Ornstein-Uhlenbeck process (see Section 2) . Both share the same invariant measure in p-space and both obey simple fluctuation-dissipation theorems. The main difference between both processes lies in the choice of noise. The noise used in the special relativistic Ornstein-Uhlenbeck process is a Gaussian white noise in the proper frame of the fluid which surrounds the diffusing particle; on the other hand, the noise in (11) is a Gaussian white noise in the proper frame of the diffusing particle. A detailed study of how this difference influences the relaxation towards the invariant measure in p-space is still lacking. In particular, the hydrodynamical limit has not been worked out on Dunkel and Hänggi's process yet. No general relativistic extension has been considered either.
Dunkel and Hänggi have recently extended their work on relativistic Brownian motions in various directions. They have indeed introduced and studied numerically binary collisions models [25] which suggest that fully realistic relativistic proceses might very well have to be non Markovian in both momentum and position spaces. This work has been followed by another one [26] where the authors propose two simple non Markovian models of relativistic diffusions in position space only. These two models are however not related to non Markovian diffusions in momentum space, but rather introduced as simple models satisfying certain list of minimal physical requirements.
Dunkel and Hänggi have also interpreted the results of numerical simulations of binary collisions [27] to suggest that the Jüttner distribution is not the correct equilibrium distribution of dilute special relativistic perfect gases; the alternative distribution considered in [27] has been further supported by Dunkel, Talkner and Hänggi through a theoretical maximum entropy argument [28] . It is our opinion that the Jüttner distribution is correct and that the argumentation developed in [27, 28] is not adequate because it relies in a crucial way on non covariant equations; actually, the numerical simulations presented in [27] do support the Jüttner distribution if they are properly interpreted through covariant definitions of averaged quantities; and so does the argument presented in [28] . This point, which will be fully explored in a forthcoming publication, cannot be elaborated upon here; let us simply note that the Jüttner distribution is the dilute gas limit of the Bose-Einstein (BE) and the Fermi-Dirac (FD) distributions [29, 15] . The alternative distribution considered in [27, 28] thus conflicts with both the BE and FD statistics, which are direct consequences of quantum field theory [30, 31, 32] . Thus, the alternative distribution conflicts with what is currently the most precise model of matter, confirmed by countless experiments. Let us also remark that the applicability of BE statistics to relativistic particles is itself experimentally confirmed by all observations of black body radiation [33] .
The Relativistic Brownian Motion of Oron and Horwitz
O. Oron and L.P. Horwitz suggest [9] that the diffusion of a special relativistic point mass under the action of an external force β (x) should be described by the following generalization of Smoluchowski equation:
where D is a positive coefficient and ρ is a function of both x and a certain 'universal' time τ. Various possible microscopic justifications for (12) are elaborated upon in [9] . Equation (12) as it stands presents various problems. First, the physical meaning of τ remains unclear, not to mention the fact that introducing a 'universal' time in a special relativistic framework might seem unnatural; also unclear is the measure against which ρ should be integrated. Furthermore, equation (12) does not contain any explicit reference to a fluid surrounding the diffusing particle; thus, like Franchi and Le Jan's process, the physical interpretation of Oron and Horwitz's model is at best problematical.
A final point should be mentioned. Even if equation (12) is certainly an original contribution of O. Oron and L.P. Horwitz, the idea to describe transport phenomena by hyperbolic equations instead of parabolic ones is not that recent; it has been probably first proposed by C. Cattaneo [34] and found its most developed expression to date in the construction of the so-called Extended Thermodynamics theories [35, 36] . These theories present serious physical problems in their own right (see [15, 35] and the discussion at the end of Section 2.2 above) but they certainly deserve attention. They fall outside the context of this review because they are not based on stochastic processes; a thorough
